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We present an approximate analytical analysis of the release of catanionic mixtures
from gels. The starting points are the monomer–mixed micelle equilibrium, described
by using regular solution theory, and the one-dimensional diffusion equation. Focusing
on a half-infinite planar system, we first point out an exact reduction of the problem to
a system of ordinary differential equations. By using the pseudo-steady-state approxi-
mation and the integral-balance method, we then derive a single nonlinear equation
for the mole fraction of drug in micelles at the extraction front. This equation may be
readily solved numerically (or graphically), and once the solution is found, all quanti-
ties of interest may be determined in closed form. Comparisons with numerical solu-
tions of the fully nonlinear problem indicate that the errors resulting from the approxi-
mations typically do not exceed 10 %. VVC 2010 American Institute of Chemical Engineers
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Introduction

Catanionic mixtures have been suggested as a rather
generic means of prolonging the release of drugs from
gels.1–3 The basic idea is to take advantage of the major
characteristics of such mixtures, namely the large size of the
mixed aggregates and the low concentration of free amphi-
philes in equilibrium with the aggregates. Large aggregates,
such as vesicles or worm-like micelles, are expected to be
effectively immobilized inside a gel matrix. Under such con-
ditions the release is governed solely by the diffusive trans-
port of single molecules, a slow process when the concentra-
tion of dispersed monomers is low. The concept has been
demonstrated for catanionic mixtures of amphiphilic drugs
and regular surfactants at physiological salt concentration;1–5

the release rate from gels has been found to be 10 – 100
times lower than in control experiments without surfactant.
In combination with the other advantages of gels as pharma-

ceutical dosage forms, e.g., mucoadhesiveness and injectabil-
ity, the systems are interesting for drug delivery.

Mixed micelles of surfactants have been studied exten-
sively both from a fundamental view point (see Refs. 6 and 7
and references therein) and as candidate systems for drug
delivery.8 The micellar morphology depends on the nature
as well as on the mole fraction of the mixed surfactants, and
can often be rationalized using the concepts of packing pa-
rameter or spontaneous curvature. Catanionic mixtures typi-
cally form bilayers when the surfactants are present in equal
proportions,9 a behavior reflecting the close packing of the
head groups possible in this case. Vesicles are often formed
in dilute dispersions of such mixtures.10–13 However, with
increasing mole fraction of either surfactant, transitions to,
in turn, worm-like and globular micelles occur,14–20 a natu-
ral progression considering the expected increase of aggre-
gate curvature with increasing surface charge density. A
general property of mixed micellar systems, due to entropy
of mixing, is that the equilibrium concentration of free
monomers is lower than the pure component critical micelle
concentration (CMC). For the component present at a mole
fraction \0.5 in catanionic aggregates, the effect is strongly
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reinforced by the electrostatic interactions, leading to free con-
centrations several orders of magnitude below the CMC. Fur-
thermore, the CMC of the mixture is considerably lower than
the CMC of either component for a wide range of compositions,
a synergy effect due to, chiefly, that the entropic penalty for mi-
celle formation from counterion binding is removed when the
components neutralize each other.7 In the regular solution
approach to mixed micelles,21 the nonideal effects are collected
in one interaction parameter (b). Despite its simplicity, the
model is quite efficient in describing variations of the free con-
centrations, even for catanionic mixtures,22,23 but in the latter
case only when salt is present in excess. At low ionic strength,
more detailed models are required to handle properly the elec-
trostatic effects.6,7,24–26 Many amphiphilic drugs lack the typical
head-and-tail structure of surfactants and form micelles with
low aggregation numbers (if at all). Nevertheless, mixtures of
amphiphilic drugs and oppositely charged surfactants can dis-
play properties typical of catanionic mixtures, including aggre-
gate morphology and variation of the mixed CMC with total
composition, as has been demonstrated earlier.2,4,5

Recently, a detailed model for the release of catanionic mix-
tures from gels was proposed,23 which was based on regular
solution theory.21 The underlying assumption was that surfac-
tants (charged drug and counter ions) in stationary aggregates
were in equilibrium with mobile monomers, which were grad-
ually released by diffusion. The aggregates will henceforth be
referred to as ‘‘micelles,’’ although they often take the form of
vesicles or worm-like micelles, as discussed above. As a result
mainly of the highly nonlinear equilibrium conditions, a nu-
merical solution of the governing equations was required.
Since the need for a numerical solution of partial differential
equations (PDEs) may limit the applicability of an otherwise
relatively straightforward theory, the purpose of this work is to
devise a much simpler solution procedure. To this end, we
investigate a half-infinite planar system (rather than a system
of finite extent). For this particular geometry, one finds an
exact reduction of the problem to a system of ordinary differ-
ential equations (ODEs). To derive an approximate analytic
solution is nevertheless not a trivial task. In this work, we use
a combination of the pseudo-steady-state approximation and
the integral-balance method. Comparisons are made with nu-
merical solutions of the fully nonlinear problem.

Theory

Model formulation

As already indicated, we consider a half-infinite planar
system, occupying the spatial region x[ 0. The system con-
tains two oppositely charged surfactants that form mixed
micelles when their total concentration exceeds the mixed
CMC, as determined from regular solution theory.21 We let
Ci(x,t) and Si(x,t) be the monomer and micelle concentration
of component i (¼ 1 or 2), respectively, which are functions
of the spatial coordinate x and time t, as indicated. Above
the mixed CMC, regular solution theory states that21

C1 ¼ Xebð1�XÞ2CMC1 ; (1)

C2 ¼ ð1� XÞebX2

CMC2 ; (2)

where X ¼ S1/(S1 þ S2) is the mole fraction of component 1 in
micelles. In these expressions, CMCi is the CMC of
component i and b is an interaction parameter. Introducing
the total micelle concentration M ¼ S1 þ S2, one may express
the component micelle concentrations as

S1 ¼ XM ; (3)

S2 ¼ ð1� XÞM (4)

above the mixed CMC.
When transport occurs via monomer diffusion only, mass

conservation of each component may be expressed by Fick’s
second law,23

Di
@2Ci

@x2
¼ @Ci

@t
þ @Si

@t
; (5)

where Di is the diffusion coefficient of component i. To
simplify the analysis, we assume that the gel initially contains
a uniform amount of both components and that sink conditions
are enforced on the boundary at x ¼ 0. The relevant boundary
conditions thus are

Cið0; tÞ ¼ 0 ; (6)

lim
x!1Ciðx; tÞ ¼ Ci0 ; (7)

whereas the initial conditions take the form

Ciðx; 0Þ ¼ Ci0 : (8)

In these expressions, Ci0 is the initial monomer concentra-
tion of component i, in equilibrium with the micelle concen-
tration Si0, as calculated from regular solution theory. The
initial surfactant concentration is assumed to exceed the
mixed CMC, so that micelles exist in the system.

Model reduction

For the assumed half-infinite system, the Boltzmann trans-
formation,27

g ¼ x

2
ffiffi
t

p ; (9)

reduces the PDEs (5) to ODEs in the reduced variable g. The
transformed equations read

Di
€Ci þ 2g _Ci þ _Si

� � ¼ 0 ; (10)

where the superposed dots denote differentiation with respect
to g. Moreover, the combined initial and boundary conditions
may be expressed as

Cið0Þ ¼ 0 ; (11)

lim
g!1CiðgÞ ¼ Ci0 : (12)

When micelles are present in the system initially, an
extraction front will develop with time, separating an outer
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depletion region without micelles from an inner region
where micelles coexist with monomers, as found in Ref. 23.
The location of this front will be denoted by g* in the
reduced description. The spatial location of the front thus
increases with the square-root of time, x� ¼ 2g�

ffiffi
t

p
, in ac-

cordance with the observations made in Ref. 23.

Balance equations

It is clear that the monomer concentrations must be con-
tinuous across the extraction front, which we indicate by
writing C�þ

i ¼ C��
i , where the asterisks denote values at g*

and the plus and minus signs are used to distinguish between
values immediately above and below the front. Integrating
Eq. 10 across the front, noting that S��i ¼ 0 by definition,
one finds that

Di
_C�þ
i � _C��

i

� �þ 2g�S
�þ
i ¼ 0 : (13)

Similarly, integrating Eq. 10 over the entire inner region,
excluding the front, one obtains the equation

Di
_C�þ
i þ 2g� DC�þ

i þ DS�þi
� �

þ
Z 1

g�þ
2ðDCi þ DSiÞ dg ¼ 0 ; ð14Þ

where integration by parts has been performed and where the
primitive functions to _Ci and _Si have been written as DCi ¼ Ci

� Ci0 and DSi ¼ Si � Si0 to ensure that the generalized integral
remains finite. Equations 13 and 14 may be used as starting
points for the derivation of an approximate solution.

Approximate analytical analysis

Provided that the micelle concentrations are sufficiently
large, one may use the pseudo-steady-state approximation28

in the outer region, implying that the monomer concentra-
tions increase linearly with g, so that

_C��
i � C�þ

i

g�
; (15)

where we have utilized the fact that the monomer concentra-
tions are continuous across the front at g*. The pseudo-steady-
state approximation is expected to be valid provided that the
ratio between the total concentration Ti0 ¼ Ci0 þ Si0 and the
monomer concentration Ci0 is larger than about 3.29

We use the (heat) integral-balance method, originally pro-
posed by Goodman,30 in the inner region. To this end, we
postulate error-function variations of the monomer and mi-
celle concentrations,

DCi � DC�þ
i erfc½jiðg� g�Þ� ; (16)

DSi � DS�þi erfc½jiðg� g�Þ� ; (17)

where erfc(�) is the complementary error function31 and ji are
as yet unspecified constants. The above functional forms are
motivated by the fact that the approximate first-order
solutions, obtained by linearizing the governing equations,

would be of the error-function type (see Supporting Information).
It is however not straightforward to a priori determine how well
the approximate concentration profiles (16) and (17) describe the
actual situation in the nonlinear regime. For this reason, we have
resorted to comparisons with the numerical solution of the fully
nonlinear problem (see later). A schematic illustration of the
monomer concentration profiles is provided in Figure 1.

The derivative of the Ansatz (16) with respect to g equals
�2jiDC�

i =
ffiffiffi
p

p
immediately above the front, and since this

derivative shall equal _C�þ
i , one obtains

ji ¼ �
ffiffiffi
p

p _C�þ
i

2DC�þ
i

: (18)

When the approximate variations in monomer and micelle
concentrations expressed by Eqs. 16 and 17 are used, one
may evaluate the integral in Eq. 14 as

Z 1

g�þ
2ðDCi þ DSiÞ dg � 2ðDC�þ

i þ DS�þi Þffiffiffi
p

p
ji

¼ � 4ðDC�þ
i þ DS�þi ÞDC�þ

i

p _C�þ
i

; ð19Þ

where Eq. 18 has been used in the last step.
Using the approximation Eq. 15 in 13, utilizing Eqs. 1–4

to give the result a more explicit form, one obtains

D1 gC0
1
_X � C1

� �þ 2g2XM ¼ 0 ; (20)

D2 gC0
2
_X � C2

� �þ 2g2ð1� XÞM ¼ 0 ; (21)

where the prime denotes differentiation with respect to X and
the sub- and superscripted asterisks and pluses have been
dropped since all variables are to be evaluated immediately
above the front at g*. Similarly, use of the approximation (19)
in Eq. 14 results in

pD1ðC0
1
_XÞ2 þ ½2pgC0

1
_X þ 4ðC10 � C1Þ�

�½C1 � T10 þ XM� ¼ 0 ; ð22Þ

Figure 1. Schematic illustration of the monomer con-
centration profiles used in the approximate
analysis.
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pD2ðC0
2
_XÞ2 þ ½2pgC0

2
_X þ 4ðC20 � C2Þ�
� ½C2 � T20 þ ð1� XÞM� ¼ 0 : ð23Þ

Noting that C0
1 and C0

2 are known functions of X as a
result of the equilibrium conditions (1) and (2), Eqs. 20–23
may be seen as a nonlinear equation system in the four
unknowns g, M, X, and _X.

Eliminating _X between Eqs. 20 and 21, one obtains an
equation of the form

g2MU2 þ U1 ¼ 0 ; (24)

where U1 and U2 are functions of X only (explicit forms are
provided in the Appendix). By using Eq. 20 to eliminate _X
from Eq. 22, one finds that

g4MV4 þ g2MV3 þ g2V2 þ V1 ¼ 0 ; (25)

where V1, V2, V3, and V4 all are functions of X only (with
explicit forms again given in the Appendix). Similarly, use of
Eq. 21 to eliminate _X from Eq. 23 produces

g4MW4 þ g2MW3 þ g2W2 þW1 ¼ 0 ; (26)

where W1, W2, W3 and W4 again all are functions of X only
(refer to the Appendix).

Equations 24 and 25 may be readily solved for M and g2

[Eq. 24 shows that g2M ¼ �U1/U2, and this relation reduces
Eq. 25 to a linear equation in g2]. The result may be
expressed as

g2 ¼ �H1

H2

; (27)

M ¼ U1H2

U2H1

; (28)

where

H1 ¼ U1V3 � U2V1 ; (29)

H2 ¼ U1V4 � U2V2 : (30)

Finally inserting the values for g2 and M provided by Eqs.
27 and 28 in Eq. 26, one finds that

F ¼ H1H4 � H2H3 ¼ 0 ; (31)

where the first equality defines a function F(X) and where we
have let

H3 ¼ U1W3 � U2W1 ; (32)

H4 ¼ U1W4 � U2W2 : (33)

Equation 31 provides a nonlinear equation for X that may
readily be solved numerically or graphically. Some care
must be exercised, however, because the equation F(X) ¼ 0
generally has more than one root for X between zero and

one. This does not pose any serious problems in practice, as
the following discussion demonstrates.

If each component would behave independently, no
changes in monomer or micelle concentrations would occur
in the inner region, and different front positions would in
general be obtained for each component. When the steady-
state-approximation is used, it is straightforward to deduce
from Eq. 13 that the front position for component i then
would be

g�i ¼
ffiffiffiffiffiffiffiffiffiffiffi
DiCi0

2Si0

r
: (34)

The mixed-micelle system will compensate so that a sin-
gle front position g* is obtained, and g* will therefore lie
between g*1 and g*2. This knowledge may be utilized in the
following manner: If g*1 is less than g*2, the monomer con-
centration C1 has to increase from its equilibrium value C10.
Since C1 always is an increasing function of X, this in turn
implies that the mole fraction X has to increase from its
equilibrium value X0, and we may therefore select the first
root greater than X0. If, on the other hand, g*1 is greater than
than g*2, the monomer concentration and the mole fraction
both have to decrease, and the first root less than X0 is to be
selected. In the exceptional case that g*1 and g*2 coincide,
the common value is the correct front position and no
changes in mole fraction or concentrations occur in the inner
region.

Once the front position and the mole fraction at the front
have been obtained, the release rate may be readily deter-
mined by noting that the outward flux has magnitude

Ji ¼ Di
@Ci

@x

����
x¼0

¼ Di
_Cið0Þ

2
ffiffi
t

p � DiC
�
i

2g�
ffiffi
t

p ; (35)

where the final expression is a consequence of the pseudo-
steady-state approximation, Eq. 15. The amount released per
unit area may thus be expressed as

Qi ¼ Di
_Cið0Þ

ffiffi
t

p � DiC
�
i

g�

ffiffi
t

p ¼ Ki

ffiffi
t

p
; (36)

where the last equality defines a rate constant Ki.

Numerical analysis

The numerical solution to the fully nonlinear problem
may most conveniently be determined by using a shooting
procedure. A nonlinear ODE system in X(g) and M(g) is
obtained when the expressions (1)–(4) for the monomer and
micelle concentrations in the inner region are inserted in Eq.
10. This ODE system is second order in X and first order in
M, and the specification of X, _X, and M at g* hence produces
a unique solution that allows values of X and M at large
g to be determined. Since no micelles exist in the outer
region, the exact solutions to Eq. 10 may in this region be
expressed as

Ci ¼ Ai erf g=
ffiffiffiffiffi
Di

p� �
; (37)
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where erf(�) is the error function31 and Ai are integration
constants. When the solutions (37) are inserted in the matching
conditions (13), and the continuity requirements on the
monomer concentrations are taken into account, it is found
that _X� ¼ _Xðg�Þ and M* ¼ M(g*) may be expressed as
functions of g* and X* ¼ X(g*). The overall solution procedure
thus amounts to (i) assigning values to g* and X*, (ii)
calculating _X� and M* using the derived closed-form
expressions, (iii) numerically solving the ODE system with
X*, _X�, and M* as boundary conditions at g*, to obtain X1 ¼
limg!1 X(g), and M1 ¼ limg!1 M(g), and (iv) adjusting g*
and X* until X1 andM1 coincide with the target values X0 and
M0 ¼ S10 þ S20.

Comparison with Numerical Data

The derived approximate analytic solutions were validated
in two stages. In the first, they were compared to initial
release rates extracted from literature data pertaining to a
slab geometry.23 In the second, extensive numerical calcula-
tions were performed for the half-infinite geometry investi-
gated in this work.

Focusing first on the slab geometry, we thus consider the
same systems as in Ref. 23, i.e., catanionic mixtures of so-
dium lauryl sulfate (SDS) and either of two drugs, the anti-
histamine diphenhydramine (Diph) and the local anesthetic
tetracaine (Tet). In total, four compositions were investigated
(values indicate total concentrations in mM): Diph/SDS 14/
26, Diph/SDS 8/32, Tet/SDS 14/26, and Tet/SDS 26/14. For
the readers convenience, parameter values used in the analy-
sis are summarized in Table 1.

In Figure 2, the approximate analytically determined
release constants Ki [cf. Eq. 36] are displayed as a func-
tion of the numerically determined ones, based on release
data presented in Ref. 23. Although systems of finite size
were investigated in the mentioned reference, all release
profiles were linear when displayed as a function of

ffiffi
t

p
during the first hour of the release process, enabling accu-
rate determinations of the release constants from the nu-
merical data.

As may be seen, there is a good agreement between ana-
lytical and numerical results, with an error generally not
exceeding a few percent. The worst agreement is observed
for the Tet/SDS 26/14 system, for which the approximate
analysis underestimates the release of Tet by about 3%. The
Tet/SDS 26/14 system is exceptional in the sense that the
Tet monomer concentration decreases considerably in the
inner region, from a value of about 7.8 mM for large g to a
value of �1.2 mM at the front (as obtained from the numer-
ical solution). Considering that a calculation of release rates
based on equilibrium values would have overestimated the

release rate for Tet by more than a factor of 6, the
approximate result is considered quite satisfactory also in
this case.

Having established that the approximate analytic solutions
are valid for the literature data, we next turn our attention to
the half-infinite geometry. Numerical and analytical model
calculations were performed for three levels of the interac-
tion parameter b(�15, �10, and �5), diffusion coefficients
D1 and D2 (5, 10, and 15 � 10�6 cm2/s) and CMC’s (1, 10,
and 100 mM) and four levels of the total concentrations T10
and T20 (10, 40, 70, and 100 mM). For each substance and
level of b, there are n ¼ 3 � 3 � 4 ¼ 36 combinations of
diffusion coefficients, CMC’s and total concentrations.
Excluding degenerate systems, for which there effectively is
only one substance present, this results in N ¼ n(n � 1)/2 ¼

Table 1. Parameter Values Used in the First Stage of the
Evaluation of the Analytical Approximation (from Ref. 23)

D (cm2/s) CMC (mM) bdrug/SDS (�)

Diph 4.8 � 10�6 105 � 8.4
Tet 4.8 � 10�6 75 � 9.0
SDS 4.8 � 10�6 1.2 –

Figure 2. Comparison between numerically and
analytically determined release constants Ki

[cf. Eq. 36] for the slab geometry.

Figure 3. Comparison between numerically and analyti-
cally determined release constants for the
half-infinite geometry.
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630 unique combinations for each level of b. The total num-
ber of systems considered is thus 3N ¼ 1890, but no
micelles were obtained for b ¼ �5, CMC1 ¼ CMC2 ¼ 100
mM and T10 ¼ T20 ¼ 10 mM, reducing this number by 3
(since there are three unique combinations of nonequal diffu-
sion coefficients). The total data set thus consisted of 2 �
(3N � 3) ¼ 3774 values, since two release constants were
determined for each system.

This data set is illustrated in Figure 3, which displays the
approximate analytically determined release constants as a
function of the numerically determined ones on a doubly
logarithmic scale. There is overall a good agreement
between the analytical and numerical results, but some devi-
ations may also be seen. In particular, the release rate is
underestimated by the analytical solution for some parameter
values, most likely as a result of the pseudo-steady-state
assumption. If one insists that the pseudo-steady-state condi-
tions be fulfilled in the sense that the ratios C10/T10 and C20/
T20 both are smaller than 1/3, the maximal relative error of
the analytically determined release constants is 14% com-
pared to 25% for the entire data set. The calculations also
indicate that inaccuracies may sometimes result if the mono-
mer concentrations are very small; if one demands that the
ratios C10/T10 and C20/T20 also be larger than 2 � 10�4, the
maximal relative error is reduced to 10%.

Conclusions

By using the pseudo-steady-state approximation and the
integral-balance method, an approximate analytical solution
was derived for the release of catanionic mixtures from gels.
The analytical solution was found to be of sufficient accu-
racy to be practically useful, as indicated by comparison
with the numerical solution of the fully nonlinear problem,
and is straightforward to apply.
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cellar aggregation numbers in dilute systems with the fluorescence
quenching method. J Phys Chem B. 2000;104:3496–3506.

27. Crank J. The Mathematics of Diffusion, 2nd ed. Oxford: Oxford Uni-
versity Press, 1979.

28. Higuchi T. Rate of release of medicaments from ointment bases
containing drugs in suspension. J Pharm Sci. 1961;50:874–875.

29. Higuchi T. Mechanisms of sustained action medication: Theoretical
analysis of the rate of release of solid drugs dispersed in solid matri-
ces. J Pharm Sci. 1963;52:1145–1149.

30. Goodman TR. The heat-balance integral and its application to prob-
lems involving a change of phase. Trans ASME. 1958;80:335–342.

31. Abramowitz M, Stegun IA, editors. Handbook of Mathematical
Functions. New York: Dover Publications, Inc, 1965.

Appendix: Explicit Expressions for Coefficients

This appendix provides explicit expressions for the coeffi-
cients Ui, Vj, and Wj (i ¼ 1,2 and j ¼ 1,…,4). Specifically,
the coefficients Ui in Eq. 24 may be expressed as
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U1 ¼ C1C
0
2 � C2C

0
1 ; (A1)

U2 ¼ 2
ð1� XÞC0

1

D2

� XC0
2

D1

� �
: (A2)

The coefficients Vj in Eq. 25 take the form

V1 ¼ pC2
1 ; (A3)

V2 ¼ � 2ðT10 � C1ÞðpC1 � 2C1 þ 2C10Þ
D1

; (A4)

V3 ¼ � 2X½pC1 þ 2ðC1 � C10Þ�
D1

; (A5)

V4 ¼ 4pXðT10 � C1Þ
D2

1

: (A6)

Finally, the coefficients Wj in Eq. 26 are

W1 ¼ pC2
2 ; (A7)

W2 ¼ � 2ðT20 � C2ÞðpC2 � 2C2 þ 2C20Þ
D2

; (A8)

W3 ¼ � 2ð1� XÞ½pC2 þ 2ðC2 � C20Þ�
D2

; (A9)

W4 ¼ 4pð1� XÞðT20 � C2Þ
D2

2

: (A10)

As might be anticipated, the coefficients Wj are obtained
from the coefficients Vj by substituting 1 � X ¼ X2 for X ¼
X1, C2 for C1, etc.
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